A tapered rod mounted at one end (base) and subject to a normal force at the other end (tip) is a fundamental structure of continuum mechanics that occurs widely at all size scales from radio towers to fishing rods to micro-electromechanical sensors. Although the bending of a uniform rod is well studied and gives rise to mathematical shapes described by elliptic integrals, no exact closed form solution to the nonlinear differential equations of static equilibrium is known for the deflection of a tapered rod. We report in this paper a comprehensive numerical analysis and experimental test of the exact theory of bending deformation of a tapered rod. Given the rod geometry and elastic modulus, the theory yields virtually all the geometric and physical features that an analyst, experimenter, or instrument designer might want as a function of impressed load, such as the exact curve of deformation (termed the elastica), maximum tip displacement, maximum tip deflection angle, distribution of curvature, and distribution of bending moment. Applied experimentally, the theory permits rapid estimation of the elastic modulus of a rod, which is not easily obtainable by other means. We have tested the theory by photographing the shapes of a set of flexible rods of different lengths and tapers subject to a range of impressed loads and using digital image analysis to extract the coordinates of the elastica curves. The extent of flexure in these experiments far exceeded the range of applicability of approximations that linearize the equations of equilibrium or neglect tapering of the rod. Agreement between the measured deflection curves and the exact theoretical predictions was excellent in all but several cases. In these exceptional cases, the nature of the anomalies provided important information regarding the deviation of the rods from an ideal Euler-Bernoulli cantilever, which thereby permitted us to model the deformation of the rods more accurately.
Introduction
Progress in physics is often made by creative application and testing of certain fundamental model systems relevant to new experimental methods and emerging technologies. One such model system, which is the focal point of this paper, is the tapered cantilever, a structure whose shape under applied forces is of critical interest to scientists and engineers in a wide range of fields of application.
We report in this paper a comprehensive comparison of the theoretically predicted and experimentally measured shapes of a flexible tapered rod described by this model system.
The theoretical shape of a flexible object bent by a load-historically referred to as the elastica-is an important part of the mechanics of continuous media.
The basic equations relating the curvature of the shape and the bending moment of the object were first formulated by James Bernoulli in the late 17th Century and subsequently investigated in great detail by Euler in the mid 18th Century.
In the years following Euler up to the present time, the theory of the elastica has been applied to numerous physical systems of great diversity ranging from large massive objects like bridges and architectural constructions, to medium size light-weight structures for aircraft and aerospace vehicles, to very small systems like the surface of a capillary or components of micro-electromechanical systems
[MEMS]) [1] [2] . Among the fundamental model systems to which elastica theory pertains is that of a cantilever, a flexible structural element such as a rod or plate anchored at one end to a support. Physical examples of cantilevers, such as free-standing radio towers, brick chimneys, diving boards, mobile mechanical cranes, fixed-wing aircraft and many other systems, can be seen almost anywhere one looks. Much less visible and less widely known is the ubiquitous occurrence of cantilever structures in modern MEMS, such as cantilever transducers in atomic force microscopy [3] , cantilever arrays in chemical sensors and biosensors for medical diagnostic applications [4] .
A load applied to the free end of a cantilever is experienced at points throughout the length as a bending moment and shear stress. The proportional relationship between the curvature of the geometrical shape and the bending moment of the physical object defines the Euler-Bernoulli beam. Although there is an extensive pedagogical and research literature on the bending of structural elements modeled as cantilevers, most analyses, including those in advanced monographs such as [5] [6] [7] , adopt the approximation, which in practice has come to characterize the Euler-Bernoulli beam, to neglect the square of the slope of the elastic curve in the equations of equilibrium. While this approximation may be valid in traditional engineering applications, the development of modern shaped, compliant structures, have given rise to cantilever devices of great flexibility [8] . In such cases, the small-slope approximation, which reduces the mathematical analysis from a nonlinear to a linear equation, can lead to highly incorrect physical predictions.
Of the investigations of large deflections of cantilever beams known to the authors (see [9] [10] [11] and references therein), nearly all concerned beams of uniform cross section, since elastica theory in these cases can be solved in closed form in terms of incomplete elliptic integrals [12] , as first done in [13] . However, many modern physical applications utilize tapered cantilever beams. Reasons for this configuration vary. In general, the bending moment of a cantilever is greatest at the support and diminishes to zero at the end. Thus, for macro-scale applications, there is no need to use as much material to maintain structural integrity along the full length of the cantilever. Moreover, in certain specific micro-scale applications, such as in atomic force microscopy and other micro-electromechanical systems of importance in modern physics, the tapered design is ideally suited to the function of the device.
To our knowledge, previous investigations of the deflection of tapered cantilevers employed various approximations to Euler-Bernoulli beams (see [14] [15]
[16] [17] and references therein) with objectives very different from those of this paper. Nearly all were purely theoretical except for [14] , which was concerned with the fracture of cantilever-shaped projectiles designed for ordnance. The earliest (and only) reference we know of a theoretical and experimental study of the large deflection of a tapered cantilever is [18] , published in 1968, whereby the author tested predictions of just the end-point displacement as a function of applied force. Given the primitive state of computers at the time and the physical limitations of the available samples (wood, Plexiglas), no comparisons of calculation and measurement comprising the full elastica shape of the test objects were given.
Benefiting from progress over the past half century of fast computers, advanced symbolic mathematical software, sophisticated image analysis software, and strong, flexible synthetic materials, we report here what we believe to be the most comprehensive experimental and theoretical analysis of the elastica to date as it pertains to a tapered cantilever. In Section 2, the exact nonlinear differential equations for the equilibrium shape of an end-loaded tapered rod are derived, solved numerically, and compared with results for a uniform rod. In Section 3, the experimental procedure and analysis of a set of tapered rods of different lengths and taper ratios are described. Our conclusions are summarized in Section 4.
Equilibrium Shape of a Tapered Rod under Load
In this section we derive and solve the exact differential equations that determine the equilibrium shape of a vertical tapered flexible rod with circular cross section subject to a constant horizontal force applied at the tip. The standard 1) The length of the beam is much greater than the maximum cross-section radius;
2) The longitudinal axis of the beam lies within the neutral surface and does not experience a change of length under load;
3) The cross section of the beam at any location remains plane and perpendicular to the longitudinal axis during deflection; 4) Deformation of the cross section within its own plane is neglected; this is tantamount to neglect of bending-induced shear strain;
5) The normal stress within a cross section varies linearly with perpendicular distance from the neutral axis. In other words, the beam behaves like a linear elastic medium subject to Hooke's law.
It is to be recalled that the neutral surface of a beam is the interface that separates the fibers under compression from the fibers under tension when the beam is bent by a load. The neutral axis within any cross section is the line of intersection of the neutral surface with the cross section. Figure 1 illustrates the system geometry pertinent to the analysis. The unloaded, undeformed rod of length L is oriented vertically. Upon application of a horizontal force F applied at the tip, the rod, which is clamped at point O, bends as shown. Any point P along the curve of deformation (elastica curve) can be located by its longitudinal and transverse coordinates ( ) The rod, itself, shown schematically in Figure 2 , is a tapered circular cylinder with respective base and tip radii 0 R , 1 R , and apex angle given by
The radius of a circular cross section at an arbitrary arc length s follows from the geometry of similar triangles ( )
Given the preceding assumptions, the theoretical relation that determines the shape of the bent rod is the Euler-Bernoulli flexure formula [20] ( ) ( ) ( )
where Figure 2 . Geometry of the tapered rod: a truncated circular cylinder of length L with respective base and tip radii 0 R , 1 R . The radius r of an arbitrary cross section at arc length s is given by Equation (2) and the apex angle α is given by Equation (1). 
is the bending moment of inertia of a uniform cylindrical rod of radius 0 R .
Numerical Solution of the Exact Euler-Bernoulli Equation
The two equivalent expressions for curvature in Equation (4) 
obtained by substituting Equations (7) and (8) into (3) . Equation (10) poses at least two difficulties: 1) it contains both arc length s and longitudinal extension x, and the relation between s and x is not known in advance of the solution; 2)
the maximum longitudinal extension a is also not known at the outset.
We seek instead a differential equation for θ as a function of s. Making the same substitutions into Equation (3) that led to Equation (10) now yields the first-order nonlinear differential equation
which again contains x and a . However, upon taking the derivative of both sides of Equation (11) 
one obtains after some algebra the second-order differential equation in normalized variables
where A is a dimensionless rigidity constant
ρ is the ratio of tip to base radii (13) is that it expresses the variation in θ with respect to only the variable σ ; the associated longitudinal variable ξ no longer appears. As a second-order differential equation, Equation (13) requires two boundary conditions:
The first condition applies because the rod is clamped at the base ( 0 σ ξ = = ). The second condition applies because there is no bending moment at the tip (
), as follows analytically from Equation (11) . Given its nonlinear character and complicated dependence on arc length, we know of no closed form analytical solution to Equation (13) . To solve the equation, therefore, we resorted to numerical methods implemented by Maple, which is one of the most powerful and widely used commercially available mathematical engines. The Maple command dsolve, applied to an ordinary differential equation (ODE) [in contrast to a partial differential equation (PDE)], utilizes one of several algorithms employing a trapezoidal method with Richardson enhancement (also known as Richardson's extrapolation to zero mesh width) [22] [23] . As an illustration of the numerical procedure, which may be helpful to readers who use a symbolic mathematical application, the command in our program took the form 
which we interpret and explain as follows.
The name ode is the expression symbolic of Equation (13 
To plot or compute with ( ) θ σ , one must define a scalar function (designated in our program by the symbol ϑ ) by a statement such as
that creates a procedure, which in Maple is an object that can be invoked by a function, passed arguments, perform operations, and return results [24] . In Equation (22) the procedure designated by ϑ evaluates the second component of Θ as a function of σ . Likewise, a statement such as
defines a scalar function χ that represents a procedure to evaluate the third component of Θ , which is the derivative
ponding to the normalized curvature, Equation (4).
Examples of graphical solutions generated from command (18) are shown in Figure 3 and Figure 4 . Figure 3 shows in Panel A the graphical output ( )
, and a sequence of loads ranging from 2 N to 10 N. As the load increases-i.e. plots range from a to e-the slope at the tip increases from about 70˚ to 90˚. Panel B shows the corresponding variation in curvature for the same sequence of increasing loads. With greater load, the flex point-point of greatest curvature-shifts to lower arc lengths, i.e. closer to the base of the rod. more tapered the rod, the greater is the deflection; at 10 N applied force, the tip angle of the rod with steepest taper was 90˚ compared with only 30˚ for the uniform rod. Panel B again shows the corresponding variations in curvature. For a uniform rod (plot a) subject to fixed load, the curvature decreases linearly to 0 with arc length. With increasing taper, the curvature increases to higher maximum values before plunging to 0 at the tip of the rod. The location of the maximum curvature, however, is not very sensitive to the degree of taper. The total time taken by Maple to solve Equation (13) From the numerical solution ( ) θ σ , the corresponding elastica curve ( ) η ξ was generated parametrically by integration of Equation (12) using what is termed an update equation [25] . Upon dividing the range [ ] 0,1 of σ into N segments and defining the discrete tangent angle 
Special Case I: Uniform Cross Section; Arbitrary Deflection
For a uniform rod the taper ratio 1 0 1 R R ρ ≡ = , and therefore Equation (10) reduces to 
where
Because the rod is rigidly fastened at the base, the boundary conditions of Equation (27) in Equation (4) does not conflict with setting ( )
It is readily demonstrable, in fact, that both Equation (11) (or (13)) and Equa- Using the Maple command dsolve on Equation (27) yields an integral solution
that can, with further effort, be cast into a complicated expression containing incomplete elliptic integrals. There is little point, however, in either making such a transformation or working with expression (30) because one can obtain computationally more useful relations by directly solving angular Equation (13), which reduces to
for 1 ρ = .
Equation (31) takes the form of Newton's second law of motion for a particle of unit mass subject to a force
. Note, this is just an analogy with θ the analogue of particle coordinate and σ the analogue of time. Consider this problem from the perspective of Lagrangian and Hamiltonian mechanics [26] .
= (see Figure 1 ) and ( )
. Thus one obtains the equivalent of a first integral of motion
from which follows the derivative
and by integration the coordinates of the elastica of a uniform rod in parametric
where use has been made of Equation (12) . While it is often advantageous to have closed-form solutions to a problem, it should be noted that an alternative and computationally more efficient way to obtain the elastica coordinates ( ) , ξ η from the derivative (39) is to apply again the iterative algorithm (25) . It takes much more computer time to evaluate the elliptic integrals (41) and (42) 
Special Case II: Uniform Cross Section; Small-Angle Approximation
For purposes of comparison we consider the familiar case of small-angle deflection of a rod of uniform cross section. This is the case described by the Euler-Bernoulli approximation which neglects ( )
in Equation (10), which thereby reduces to
in normalized coordinates for 1 ρ = . Equation (44) can be integrated directly to yield the third-order polynomial
The value of the maximum longitudinal extension, L a L α =
, is again not known at the outset and can be determined by requiring, as was done with Equation (43), the full normalized length of the rod to be unity:
However, this requirement can be implemented in two inequivalent ways. The first, consistent with the approximation leading to Equation (44) Superposed on the plots in the three panels is the exact curve (plot b), calculated from Equation (13) for a corresponding tapered rod with taper ratio 1:4.
One sees again that for a given load the deflection of a tapered rod is much greater than that of a uniform rod.
Experimental Test and Determination of Elastic Modulus
An experimental configuration corresponding closely to that of Figure 1 was set up to record photographically and measure accurately the deformations produced on a set of five fishing rods of different lengths and tapers. The geometrical features of the rods are summarized in Table 1 . In the US, fishing rod sizes and load-bearing capabilities are generally given in English units (feet; pounds); these are shown in the tables and associated figures of this paper, but analyses were implemented in metric units. The symbol W represents load in pounds, in contrast to F, which represents force in newtons.
A fishing rod is a cantilever of exceptional flexibility designed for casting an artificial lure made of lightweight materials. Modern fishing rods are a composite of synthetic materials such as fiberglass, carbon/graphite, Kevlar, boron, or some combination of these in a matrix of polyester or epoxy resin [28] . The fibers are laid down in a complex pattern designed to prevent the rod from flattening under stress. Apart from the handle of the rod, which is generally a non-flexible material covered with a frictional surface like cork to prevent slippage, the cantilever portion usually has a fairly uniform taper. The degree of taper determines the extent of flexure for a given stress, as illustrated in Figure 6 .
Rods that deflect over a greater portion of their length are easier to cast and Since fishing is a sport and hobby of immense popularity worldwide with a literature (dating back centuries) believed to be more abundant than that of any other individual sport [28] , it is important to note that the analysis and experiment presented in this paper have practical ramifications beyond testing a fundamental part of the mechanics of continuous media. First, the experimental procedure and theoretical analysis together provide a means of deducing the elastic modulus E of an individual fishing rod, which, given the complexity of the composition and construction of a rod, is difficult to measure in other ways.
To judge from the numerous inquiries for E that we have seen on the internet, this is a material property of interest to prospective purchasers and users of fishing rods. However, we have been unable to find any values of E reported by rod manufacturers or vendors for their rods. At best, one can find broad ranges for different materials [29] .
Second, rod manufacturers have tried various means of static deflection profiling [28] to correlate the deflection shape, tip deflection distance, and impressed weight for purposes of rod classification. In this regard an important practical outcome of this paper is to provide the means of predicting exactly the entire rod geometry under static deflection once the rod length, base and tip radii, modulus, and load are given. Thus, provided the rod behaves like a linear elastic medium in keeping with the assumptions of Section 2, this paper removes all guesswork from establishing the correlations among impressed force, shape, and maximum deflection.
Procedure and Data
The deflection curve of each of the five rods in Table 1 was measured for each of four impressed horizontal loads in the following way. A rod was positioned vertically and fastened so that the handle of the rod was immobilized and only the tapered cantilever portion of the rod could deflect under stress. The stress was transmitted to the rod by means of a thin nylon fishing line attached at the tip of the rod and pulled horizontally at a force measured by an attached digital scale calibrated in pounds and accurate to 0.01 lb (0.0445 N). Positioned close to the rod was a vertical post with two points calibrated to be 1 0.002 ± m apart. At static equilibrium, a digital photograph was taken of the deflected rod and calibration post for processing by the image analysis software called Tracker [30] .
Tracker is an open-source modeling tool created by Douglas Brown and available for Mac, Windows, and Linux platforms. Detailed operational information is available at the referenced web site, but, in brief, we obtained the coordinates of the rod deflection curves by • importing a digital photo of each rod subject to each load (5 rods × 4 loads) into the application; • setting the origin of the Cartesian coordinate system with respect to which the points on the deflection curve of a rod were to be measured; 
Experimental Deflection Curves
A comparison of theoretical and experimental deflection curves for Rods 1 through 5 is shown graphically in Figures 8-12 respectively. Each figure comprises four panels corresponding to each of the four impressed loads (W = 2, 4, 6, 8 pounds). Within each panel, the solid wine-colored curve is the theoretically predicted elastica curve obtained by solving Equation (13), given the known geometry of the rod, the load, and the initially unknown elastic modulus E. Values for E were determined by trial and inspection of the resulting match with the experimental curve marked by blue solid-circle plotting symbols at points where the image-analysis software was instructed to determine coordinates. For purposes of comparison, the exact deflection curve of the corresponding uniform rod (dashed black curve) and the Euler-Bernoulli approximate deflection curve of correct total arc length (solid pink curve) are also shown in each panel.
In regard to our method of curve fitting and parameter estimation, it bears emphasizing for both conceptual and practical reasons that there was nothing to be gained by using a statistical fitting procedure, such as the method of maximum likelihood or method of least-squares [31] . Indeed, use of such a fitting Conceptually, the primary purpose of a statistical fitting procedure is to yield the best match between experiment and theory, or the best estimate of a theoretical parameter, under conditions where the experimental measurements contain random error (e.g. Gaussian noise). For example, as the name of the method suggests, the least-squares procedure will attempt to achieve such a match by minimizing the square of the residuals (i.e. deviations) between the totality of experimental measurements and the corresponding computed theoretical points.
As a consequence, the resulting least-squares curve might pass through the scatter of experimental points in such a way as to provide an approximate overall fit (provided the scatter is not too great), but without any actual agreement between individual measured and calculated points.
In contrast to the conditions for which a statistical fitting procedure might be Comparable profiles of Rod 4 in Figure 11 show an excellent fit of theory to experiment for approximately the initial 70% of the rod length and then a consistent flatness for all four impressed loads. The onset of the flatness appears almost like a phase change with discontinuous slope. This is not a matter of either 1 A potential systematic error might have been to photograph the deflected rod from a line of sight not perpendicular to the plane of the deflection curve. Had that occurred, the transverse coordinates of the rod would be foreshortened, the resulting experimental deflection curve would be distorted, and the fit between theory and experiment would be poor over the entire length of the curve. . Modern composite materials make it possible for manufacturers to create rods with a variable stiffness [32] . Since the stiffness is the product of a material parameter (E) and a geometric parameter ( z I ), either or both can effect a change in flexural rigidity. Assuming, by virtue of the way the rod is manufactured, that the circular cross section of the rod retains its shape, we believe E to be the variable quantity, although this assumption will not affect the We hypothesize that Rod 4 behaves like an Euler-Bernoulli cantilever with a constant stiffness within each of the two sections. We can therefore represent the variation in stiffness-and therefore the arc-dependence of the rigidity constant defined by Equation (14)-by a simple model ( ) Within each section of the rod, the bending curve should follow Equation (13) with the appropriate stiffness given by Equation (47 Our experimental results showed the following: • Excellent agreement was obtained between theory and experiment for all four loads applied to the three shortest rods with three highest taper ratios (see Rods 1, 2, 3 in Table 1 ). Maximum deflection angles in all 12 cases (3 rods × 4 forces) ranged from about 70˚ to 90˚ which constituted very large deflections for which neither the exact nonlinear theory for uniform rods (taper ratio = 1; theory solvable in terms of elliptic integrals) nor the widely used Euler-Bernoulli approximate theory (which generates a 3rd order polynomial) is applicable. The difference in calculated tip deflection angles between the tapered rods and corresponding uniform rods ranged from about 5˚ to 65˚.
• Weakly discordant results were initially obtained between some of the theoretically predicted shapes and the measured deflection curves of the longest two rods with lowest taper ratios (see Rods 4, 5 in Table 1 ). The anomalies could be understood as arising from a difference in flexural rigidity at the narrow end compared with that throughout the rest of the rod. A simple theoretical model was devised to yield the reduction or enhancement of rod stiffness and the transition location. Theoretical prediction of the elastica curves, taking account of the stiffness model, was in excellent accord with the measured deflection curves.
Although the stiffness model does not explain the physical mechanism for the bipartite modulus of Rods 4 and 5, the practical utility of our procedure is that it permits numerical prediction of virtually all the geometrical and physical properties of the equilibrium cantilever configuration that an analyst, experimenter, or instrument designer might want to correlate with load, such as the overall shape (the elastica curve), maximum deflection angle, maximum linear deflection, point of maximum curvature, bending moment, distribution of bending stress, and other quantities.
As a final point, we mention that in many applications on length scales ranging from fishing rods to micro-electromechanical devices there may be interest not only in the equilibrium configuration but also in the dynamical response of a tapered rod to a time-dependent perturbation. Although this subject is outside the scope of our paper, it is to be noted that the equations of static equilibrium analyzed here provide the starting point for an exact dynamical analysis, since, in the absence of a perturbation, the system relaxes to the equilibrium state. Although dynamical analyses have been performed on uniform cantilevers in the approximation of small-angle deflections [33] , we are unaware of any exact dynamical analysis of a tapered cantilever.
